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A coherent approach for the design of reacti®e crystallization systems is presented by
incorporating reaction and crystallization kinetics, and mass transfer, into an existing
equilibrium-based conceptual design method. A generic model for a well-mixed crystal-
lizer is de®eloped; it is applicable to reacting systems with any number of components.
The reaction, mass-transfer and dissolution Damkohler numbers, and the nucleation¨
and growth numbers which result from the generic model, represent the relati®e rates of
the indi®idual steps, and their effect on the resulting crystal-size distribution and the
crystallizer producti®ity is discussed. Estimates are pro®ided for the typical ®alues of the
dimensionless numbers. To describe the solubility beha®ior of solid-liquid systems, a
generalized equation for the isothermal solubility of a solute in the presence of an arbi-
trary number of other components is presented. The effects of the dimensionless num-
bers on the process paths are shown on the phase diagrams for systems in®ol®ing up to
four components. The utility of this integrated approach in the design of reacti®e crystal-
lization systems is discussed using examples in®ol®ing single and coprecipitation systems,
and a salting out crystallization system.

Introduction

Reactive crystallization, or precipitation, involves reaction
between reactants to form a solute which crystallizes into a
solid product. Examples of industrial relevance include the
liquid-phase oxidation of para-xylene to terephthalic acid, the
acid hydrolysis of sodium salicylate to salicylic acid, and the
absorption of ammonia in aqueous sulfuric acid to form am-
monium sulfate, among others. There is a large amount of
information in the literature on the experimental as well as

Žtheoretical aspects of reactive crystallization Nielsen, 1964;
Nyvlt et al., 1985; Sohnel and Garside, 1992; Mullin, 1993;¨

.Myerson, 1993; Tavare, 1995 .
Precipitation is a complex phenomenon comprising simul-

taneous reaction, mass transfer, rapid nucleation and growth,
as well as possible secondary processes of aging, ripening, ag-
glomeration and breakage. Considerable advances have been
made in understanding the interplay among these mecha-

Ž .nisms. Garside and Tavare 1984 and Matsuoka and Garside
Ž .1993 discussed the transport of solute from the bulk solu-
tion to the crystalrsolution interface and its subsequent in-
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Ž .corporation into the crystal lattice. Franck et al. 1988 mod-
eled salicylic acid precipitation, accounting for diffusion or
kinetic limited crystal growth, primary and secondary nucle-
ation, and growth by agglomeration of smaller crystals. Tavare

Ž .and Garside 1990 investigated the effect of feed addition
rate and Ostwald ripening on the crystal characteristics in a
semi-batch reactive crystallizer with no mass-transfer limita-

Ž .tions. Wachi and Jones 1991 analyzed a gas-liquid heteroge-
neous precipitation system by combining the film theory of
gas-liquid mass transfer with the population balance equa-
tions for the precipitating solute. Their results clearly show
the significant effect of mass transfer on the resulting

Ž .crystal-size distribution. Mersmann and Kind 1988 and
Ž .Franke and Mersmann 1994 examined precipitation from

the viewpoint of process operations. The influence of operat-
ing conditions such as the mode of operation, feed location,
residence time, reactant concentrations and power input on
the overall process was studied. While providing significant
insights and guidance for process design, all these previous
investigations focused primarily on sparingly soluble systems
and the reactive crystallizer was treated as an isolated unit
operation.
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Ž .In contrast, Berry and Ng 1997 considered the design of a
complete reactive crystallization flowsheet, based on an anal-

Ž .ysis of a reactive solid-liquid equilibrium SLE phase dia-
gram. A design procedure was proposed for systems with
multiple reactions and multiple phases. By choosing the
proper reaction conditions and flowsheet configurations, the
desired products can be manufactured with temperature and
pressure swings, while suppressing the formation of undesir-
able byproducts. Relevant process paths are shown on the
phase diagram as an aid for process conceptualization. This
procedure is applicable to systems with all degrees of solubil-
ity. However, it is unclear how reaction kinetics, mass-trans-
fer limitations, as well as nucleation and growth of crystals
impact the equilibrium-based design.

The objective of this article is to extend the synthesis pro-
cedure by incorporating the various mechanisms into the con-
ceptual design. It is shown that while thermodynamics dic-
tates the ultimate limits of a reactive crystallization system,
the kinetics of reaction, nucleation and growth, and the mass
transfer determine the actual process paths leading to those
limits. The phase behavior of crystallizing systems is dis-
cussed for reactive as well as nonreactive situations. A generic
model which incorporates all simultaneous rate processes is
then developed. The effects of the above individual mecha-
nisms of kinetics and mass transfer on the process paths and
the resulting crystal-size distribution are elucidated. The use
of this approach for designing crystallizing systems is illus-
trated with suitable examples involving single as well as co-
precipitation systems, and salting out precipitation.

The generic model developed in this article is applicable to
reactions with any number of components. For ease of illus-
tration, however, only examples with ternary or quaternary
mixtures are used. This article deals with a continuous mixed

Ž .suspension mixed product removal MSMPR crystallizer;

nonideal mixing effects are not considered. We begin with a
Ž .description of isothermal solid-liquid equilibrium SLE phase

diagrams for quaternary mixtures.

Description of Solid-Liquid Phase Diagrams
Figure 1 shows the types of isothermal behaviors one might

encounter for a quaternary mixture which can be represented
on a tetrahedral phase diagram in mole-fraction coordinates.
The solubility surfaces are shown as planes. Figure 1a shows
the solubility surface for a solute P which is soluble in S but
insoluble in A and Q. Any point on the solubility surface
describes the concentration of P in equilibrium with the pre-
vailing concentrations of A, Q, and S. If, in addition to S, A
and Q also act as solvents for P, the solubility surface no
longer passes through the vertices A and Q. Instead, it inter-

Ž .sects the PA and PQ edges Figure 1b . Here, points ps, pa,
and pq represent the single saturation points of P with re-
spect to S, A and Q, respectively. A composition within the
region P-ps-pa-pq is saturated with respect to P, and will
lead to precipitation of P. Figure 1c shows the case where
either P or Q can potentially precipitate out. If the solubili-
ties of P and Q are such that the two solubility surfaces in-

Ž .tersect, then coprecipitation can occur Figure 1d . Points 1
and 3 represent the solubilities of Q and P in A, respec-
tively. Points 5 and 6 represent the solubilities of Q and P in
S, respectively. The solubility surfaces of P and Q intersect
to form the double saturation trough, line 24, where the com-
position is just saturated with respect to both P and Q. Any
composition within the region 1245Q is only saturated with
respect to Q. A composition lying in the region 3246P is sat-
urated only with respect to P. Any composition below these

Ž .two regions prism Q2 P4 is doubly saturated with respect to
P and Q. Figure 1e shows the case where A, P, and Q have
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limited solubility in S. Any composition above the three sin-
gle saturation surfaces is unsaturated. There are three double
saturation troughs: lines 14, 24, and 34. Point 4 is the triple
saturation point where A, P, and Q coprecipitate. For each
of the three solutes, there exists a region of saturation where
the system is only saturated with a particular solute. For ex-
ample, a composition lying in region 1425P is saturated only
with respect to P. A composition lying within the region
4 APQ is saturated with respect to A, P, and Q.

Equation for solubility surfaces
For design calculations, it is necessary to describe the solu-

bility surfaces in the form of solubility equations. At a fixed
temperature, the solubility CU of a solute with units of molesP
of soluterm3 of solution is in general a function of the con-
centrations of other species in the reaction mixture. If the
solubility surfaces in a multicomponent system can be ap-
proximated by linear planes, at a given temperature, a gen-
eral solubility equation for species P in the presence of n
other species can be written as

n 1y a jUC s C 1Ž .ÝP jž /a jjs1

where a is the mole fraction of j in a saturated binary mix-j
Ž .ture of j and P. Thus, 1y a ra is the molar ratio repre-j j

senting the solubility of P in species j at the same tempera-
ture. If a certain component i does not act as a solvent for P,
then a s1. Thus, a s a s1 for Figure 1a where P is in-i A Q
soluble in components A and Q. Equation 1 represents a
hyperplane in nq1 dimensions. For this article, we shall be
limited to the joint solubility of at most 4 species, which can
be represented by a plane in a tetrahedral phase diagram.

SLE phase diagrams with equilibrium reactions
In the presence of a reaction, the complete phase diagram

also includes a reaction equilibrium envelope. At constant
temperature and pressure, the solid-liquid phase diagram with
reaction can be calculated following the procedure outlined

Ž .in Berry and Ng 1997 . Figure 2a shows the complete phase
diagram for the reacting system Aq Bl2 P x in the pres-
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ence of an inert solvent S. The shaded triangle represents
the solubility surface of P, described by the following solubil-
ity equation

3 2 2
UC s C q C q C 2Ž .P A B S7 3 3

Note that the solubility surface was plotted in mole fraction
coordinates, although the solubility equation is in terms of
molrm3 of solution. The curve 123 represents a horizontal
cut of the reaction equilibrium envelope at a certain solvent

Žmole fraction. The entire reaction equilibrium envelope can
.be generated by making a series of such sectional curves.

The equilibrium curve intersects the solubility surface at
points 4 and 5. Starting with a composition at point a, the
system moves along a line of constant stoichiometry ab as the
reaction proceeds. At b, the system is saturated in P, and P
crystallizes out. Under conditions of phase equilibrium, the
solution composition then moves along path b4, until it
reaches point 4 which satisfies both phase and reaction equi-
librium.

Ž .The three-dimensional 3-D phase relationships are more
conveniently displayed on a 2-D Janecke projection, the con-

Žstruction of which has been reviewed elsewhere Dye and Ng,
.1995 . Basically, the Janecke projection is a projection of any

point in the tetrahedron onto the base of the tetrahedron, as
viewed through the apex S. The Janecke projection for the
above phase diagram is shown on the base of the tetrahe-
dron. Thus, B2XA and 5XbX4X represent the projections of the
relevant portions of the equilibrium envelope and the solubil-
ity surface, respectively. A system composition within the re-
gion B2XA will lead to a generation of P, while a composition
beyond B2XA will consume P to form A and B. A composi-

X X Ž .tion above the solubility line 5 4 towards P will crystallize
P. For the above reaction system, aXbX4X represents the Ja-
necke projection of the process path, as the reaction pro-
ceeds with an initial concentration represented by point aX.

The Janecke projection for a two solute system is similar to
the one described above. Consider a two solute system un-
dergoing a reaction 2 Al P xqQx in the presence of an
inert solvent S. The complete phase diagram for this system
including the reaction equilibrium envelope is shown in Fig-
ure 2b. The shaded regions represent the solubility surfaces
of the two solutes, as described in Figure 1d earlier. The dou-
ble saturation trough is shown by line 24. Curve gdh repre-
sents a horizontal cut of the reaction equilibrium envelope at
a certain solvent mole fraction. The double saturation trough
and the equilibrium envelope intersect at point d, which is
the invariant point. Starting with a composition at point a,
the system moves along a line of constant stoichiometry ab as
the reaction proceeds. At b, the system is saturated in Q,
which precipitates out. Under conditions of phase equilib-
rium, the composition then moves along line bc, which lies on
the solubility surface of Q, until it hits the double saturation

Ž .trough point c . At point c, the system is saturated in P as
well, which precipitates out. The system composition then
moves along line cd until it reaches the reaction equilibrium
envelope. The Janecke projection of the above phase dia-
gram is shown in Figure 2c. Lines f XcX, eXcX and cXdX repre-
sent the projections of the relevant portions of the single sat-

uration surfaces of P and Q, and the double saturation
trough, respectively. The projection of the curve gdh is given
by curve PdXQ. For the above reaction, aXbXcXdX represents
the projection of the process path as the reaction proceeds.

On the Janecke projection, any composition within the re-
gion Af XcXeX is unsaturated. Examination of the tetrahedral
phase diagram in Figure 2b reveals that the Janecke projec-

Žtion of a portion of the single saturation region for Q that is,
. Ž .region 1245Q , and similarly for P that is, region 3246P ,

overlaps the projection of a portion of the double saturation
Ž .region of P and Q that is, region Q2 P4 . Thus, on the Ja-

necke projection, a composition within the regions QeXcXdXQ
Ž X X X . Ž .Pf c d P can either be saturated with only Q P , or both Q
and P, depending on the solvent content.

Generic Model for a Reactive Crystallizer
A generic model is now developed, which incorporates the

effect of kinetics and mass transfer into the equilibrium-based
design of reactive crystallization systems. The following
mechanisms play a role in a reactive crystallization process.
Reaction in solution results in supersaturation of the dis-
solved product, which leads to a formation of crystal nuclei.
Mass transfer of the dissolved solute to existing crystals and
incorporation of the solute into the crystal lattice leads to
crystal growth. These mechanisms or steps proceed sequen-
tially, and the overall rate is determined by the slowest step.
This scenario can be further complicated by a gas-liquid reac-
tion where gas-liquid mass transfer represents an additional
step. In salting-out crystallization, the dissolution rate of a
solid salting-out agent can be the rate-limiting step. Each of
the above steps is characterized by a characteristic time, the
ratios of which determine the relative rates of the different
mechanisms. This is illustrated below using a salting-out re-
active crystallization system.

Reacti©e crystallization with a solid reactant
Consider an MSMPR crystallizer being fed with a liquid

feed stream containing reactant species A at a volumetric
flow rate F. A solid reactant B is also charged continuously
at a molar flow rate W. The solid reactant B dissolves and
reacts with A in the liquid phase in the presence of an inert
solvent S. The reaction is reversible in general even if the
forward reaction is much faster than the reverse reaction. An
amount of product P in excess of the solubility limit precipi-
tates out of the solution as a solid product

6B BŽ s. Ž l .
3Ž .66A q B 2 P xŽ l . Ž l .

The reaction rate can be generally given as a function of
the concentrations of the reactant species

RRatesF c 4Ž . Ž .

The material balances for the reactant and product species
can be set up as follows
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Balance for Species A

F C f yC yVFs0 5Ž .Ž .A A

Balance for Species B

Liquid phase Vk a CU yC yVFy FC s0 6Ž .Ž .S S B B B

3r
USolid phase W yW yVk a C yC s0 7Ž .Ž .S S B Bž /r0

Balance for Species P

Liquid phase

F C f yC qVFyVk a C yC s yV k r L3 J s0Ž .Ž . Ž .P P S T P P ® m 0 n

8Ž .

Liquid-crystal interface

Vk a C yC s yV a r2 r Gs0 9Ž .Ž .Ž .S T P P T m

Here, C is the concentration of the dissolved solute in theP
bulk of the liquid, C s is the concentration of the solute at theP
liquid-crystal interface, and CU is the solubility. Note thatP

Ž . Ž 3 .the nucleation rate J numberrm ?A and the linear growthn
Ž . Ž .rate G mrs have been transformed into molar units by

using appropriate multiplying factors. Examination of Eqs. 5
to 9 reveals five distinct rate steps: dissolution of B, reaction
between A and B, the generation of P nuclei in the liquid
phase, the mass transfer of dissolved P to the growing P
crystals, and the surface integration of the solute P into the

Ž .crystal lattice that is, the crystal growth step . The relative
importance of each of these steps can be characterized by a
dimensionless number. For a reaction which is second order
overall, and for nucleation and growth kinetics which can be
represented by conventional power law expressions, we have

C 2
P

Fs k C C y 10Ž .2 A Bž /K

nUJ s k C yC 11Ž .Ž .n n P P

gUsGs k C yC 12Ž .Ž .g P P

The dimensionless numbers for the individual steps are then
as follows

Reaction

Reaction Rate
fDa s s k C t 13Ž .R 2 AReactor Throughput

Dissolution

Reaction Rate k C f
2 A

Da s s 14Ž .D Dissolution Rate k aS S

Mass transfer

Reaction Rate
Da sM Mass-Transfer Rate from Bulk to Crystal Face

k C F
2 A

s 15Ž .
k aS T

Nucleation

Nuclei Generation Rate k r L3 k CU ny1Ž .® m 0 n P
N s s 16Ž .Nu fReaction Rate k C2 A

Crystal Growth

Surface Integration Rate
N sGr Mass-Transfer Rate from Bulk to Crystal Face

a r2 r k CU gy1Ž .T m g P
s 17Ž .

k aS T

Note that the exact form of the dimensionless numbers would
change according to the reaction kinetics, the growth rate ex-
pressions, and the mechanism chosen for nucleation, such as
primary or secondary nucleation.

The dimensionless numbers as defined above represent the
ratios of the rates of two consecutive steps. Similarly, by ex-
amining an appropriate product of dimensionless numbers, it
is possible to identify the slower of any two nonconsecutive
steps. For example, the ratio Da rDa compares the dissolu-R D
tion rate to the reactor throughput; the product Da NR Nu
compares the nucleation rate with the reactor throughput.

Range of parameter ©alues in reacti©e crystallization
systems

It is desirable to identify typical values for the dimension-
less numbers involved in the generic reactive crystallizer

Table 1. Range of Parameters in Reactive
Crystallization with First-Order Kinetics

y6k 10 ]1.01
2 4t 10 ]10 s
y4 y2k 10 ]10 mrss

U y4 3 3 Ž .C 10 =10 molrm for high solubility compounds
3 Ž .0.01]10 molrm for low solubility compounds

y1 3 y8 3 gŽ . Ž .k 10 ]10 mrs r molrmg
g 0.5]2

3 3 nw Ž . xk 0.1]1.0 no.r m s molrmn
n 1]5

13 18 4n 10 ]10 no.rm0
y9 y7L 10 ]10 m0
y7 y8 Ž .G 10 ]10 mrs for high solubility compounds
y9 y11 Ž .10 ]10 mrs for low solubility compounds
y4Da 10 ]1R
y6Da 10 ]1M
y6Da 10 ]1D
y1 y7 Ž .N 10 ]10 for high solubility compoundsN u
y7 y15 Ž .10 ]10 for low solubility compounds

Ž .N 1]10 for high solubility compoundsG r
y3 Ž .10 ]0.1 for low solubility compounds
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model developed above. Table 1 provides such estimates for
a system with first-order reaction kinetics. Also presented are
reaction, mass-transfer, nucleation, and growth parameter
values, the solubility, and the residence time from which the
dimensionless numbers were derived. Most of the data, pri-
marily based on inorganics, were obtained from a survey by

Ž .Mersmann and Kind 1988 on reactive as well as nonreactive
industrial crystallization systems. Additional data were culled

Ž .from Sohnel and Garside 1992 . The estimated dimension-
less numbers cover a wide range, partly because they incor-
porate the range of the reaction kinetic constant k . For high1

Ž .solubility compounds such as KNO , NaCl, and NH SO ,3 4 2 4
the growth number is on the order of 1 to 10, whereas it
ranges from 10y3 to 0.1 for sparingly soluble compounds such
as BaC O , CaCO and BaCO .2 4 3 3

One of the steps often controls the overall rate of the reac-
tive crystallization process, although the driving forces adjust
themselves so that the rate of each individual step is equal to
the overall rate at steady state. This controlling step can be
identified by carrying out a sensitivity analysis of the generic

Ž Ž .model. For example, see Kelkar and Ng 1998 for a similar
sensitivity analysis for gas-liquid and gas-liquid-solid catalytic

.reactions. An identification of the controlling step provides
insights for increasing the productivity of the crystallizer and
for tuning the properties of the crystallizing solute, such as its
crystal-size distribution. It is interesting to examine the crys-
tallizer performance, when a mechanism is much faster or
slower compared to the step adjacent to it.

Example 1: crystallizer performance for a condensed
ternary system with a solid reactant and a single
crystallizing solute

ŽConsider the reaction between A which also acts as sol-
.vent and dissolved solid B to yield P which crystallizes out

Ž .Eq. 3 . We examine situations where a dimensionless num-
ber is close to its upper or lower limits, so that it has a domi-
nating effect on the crystallizer performance. Figure 3 shows
the results for such a simulation for a crystallizer with a vol-

Figure 3. Crystallizer performance for different domi-
nating mechanisms.

Table 2. Parameter Values for Simulations with
Different Dominant Mechanisms

Dominating
Mechanism Da Da Da N NR M D N u G r

y14Base case 200 31 89 1=10 1
y1 4Slow reaction 40 2 16.7 1=10 1
y1 4Slow mass transfer 200 880 62 1=10 1

Žof solute from bulk
.to crystal

y4Fast nucleation 200 .01 100 1=10 1
y1 4Slow crystal growth 200 78 79 1=10 .01
y1 4Slow reactant dissolution 200 3600 1001 1=10 1

ume of 0.1 m3. The properties of interest are the dominant
Ž .crystal size L mm , which corresponds to the maximum ofd

the weight fraction distribution, the supersaturation C yCU,P P
the concentration difference C yC s between the bulk ofP P
the solution and the crystal face, and the production rate Mc
Ž .kgrh of crystals. The base case is for high rates of reaction,
dissolution, mass transfer and crystal growth, and a low rate
of nucleation. The values of the reaction, mass transfer and
dissolution Damkohler numbers, and the nucleation and¨
growth numbers used for the different cases are given in Table
2. Note that the values of the mass-transfer Damkohler num-¨
ber Da , and the dissolution number Da , are calculatedM D
from the model, because the surface area of the crystals aT
and that of the dissolving solid reactant a are a priori un-S
known. These Damkohler numbers are controlled by choos-¨
ing an appropriate value of the solid-liquid mass-transfer co-
efficient k .S

The chart for L shows that the largest crystals are ob-d
Ž .tained for an operation involving a slow reaction low Da .R

This is because, for a low reaction rate, the mass transfer
does not limit the overall process, and, hence, excessive levels

Žof supersaturation do not exist as evidenced by the low value
U .of C yC for slow reaction operation . This leads to theP P

formation of a limited number of nuclei which can then grow
to a large size.

On the other hand, when the mass transfer of the solute
from the bulk to the liquid-crystal interface is much slower

Ž .than the reaction high Da , it results in a large value ofM
C yC s , as well as the supersaturation C yCU. This leadsP P P P
to excessive nucleation, and, hence, a smaller dominant crys-
tal size. Also, since the slow mass transfer limits the amount
of solute incorporated into the crystals, the output of crystals
M is low.C

Ž y4.For an operation with a high nucleation rate N s10 ,Nu
whatever supersaturation is generated is quickly relieved by
the formation of new nuclei, as seen by the very low values of
C yC s and C yCU. A low supersaturation leads to lowP P P P
growth rates, and, hence, small-sized crystals. The crystal
output M is, however, large. Similarly, when the rate ofC

Ž .crystal growth is very low N s0.01 , the dominant crystalGr
size is smaller than that in the base case.

Lastly, consider a process where the dissolution of one of
the reactants, which could also be the salting-out agent, is a

Ž .slow operation high Da . Since only a limited amount ofD
reactant is available to react, the overall rate of reaction is

Ž .small and the crystal output 0.01 kgrh is low. However, large
crystals can be obtained owing to the limited supersaturation.
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Table 3. Parameter Values Used for Simulations
( )Unless Otherwise Specified

Examples 2 to 6
y8N 10 k 0.52N u ®

y7N 0.1 L 10 mG r 0
3n 4 r 20,000 molrmm

g 2

Examples 2 and 4 Example 5 Examples 3 and 6
y3 3 y3 3 y1k 10 m rmol ? s k 10 m rmol ? s k 0.01 s2 2 1

K 10 K 10 K 100
k 0.001 mrs k 0.0005 mrsS S

Kinetic and Mass-Transfer Effects on Process
Paths

It is necessary to couple the individual steps occurring dur-
ing reactive crystallization with the reaction and solid-liquid
phase equilibrium, which ultimately decide the limits of the
precipitation process. The effect of the dimensionless num-
bers on the process paths is illustrated below with examples.
The parameter values used in the following simulations are
given in Table 3, unless otherwise specified.

Example 2: condensed ternary system with a single
crystallizing solute

Consider a ternary system of components A, B and P that
undergoes the following reaction in solution

66Aq B 2 P x 18Ž .

where P is sparingly soluble in A and B, which act as the
solvent. Several characteristics of such a system will now be
discussed.

Process path for increasing DaR

ŽFor an isothermal, isobaric, condensed that is, negligible
.vapor pressure system with a single reaction, the degree of

Ž .freedom is zero Berry and Ng, 1997 . Figure 4 shows the
ternary phase diagram in mole fraction coordinates for this
system with K s10. The reaction equilibrium curve is A1B.
Line 26 gives the solubility of P for all solution compositions,
and is given by Eq. 1 with a s a s0.5, that is1 2

CU sC qC 19Ž .P A B

If the dependence of solubility on A and B were different,
the solubility line would change accordingly. The invariant
points 3 and 5 are the intersection points of the reaction
equilibrium and solubility curves, and, thus, are the two sta-
ble nodes of the system. Triangle P26 represents composi-
tions which are saturated in P, whereas the region below the
solubility line represents unsaturated solutions. For a given
inlet composition, it is interesting to track the path of the
system for an increasing reaction Damkohler number Da in¨ R
an MSMPR reactive crystallizer. Curve abcd shows one such
path for an inlet composition of 55% A and 45% B. The
portion ab of the path represents those Da values for whichR
the crystallizer is still unsaturated in P. The system becomes
saturated in P at a sufficiently high Da , but crystallizationR

Figure 4. Process paths for an increasing reaction
Damkohler number.¨

does not commence until point c. A supersaturation repre-
sented by b-c is required to achieve the nucleation and growth
rates required for significant crystallization to occur. If the
reaction Damkohler number is further increased, the process¨
path turns and proceeds to invariant point 3. For an initial
composition consisting of 37% A and 63% B, the system
moves along path aXbXcXdX until it reaches the invariant point
5. Point 4 is the saddle point. A system with equal amounts
of A and B in the inlet will move along line aY4bY, before
moving back to point 4 where a complete conversion to solid
P occurs. The process paths for an increasing Da can alsoR
be interpreted as the progress of the composition of a batch
reactive crystallizer in time.

Effect of growth number
Consider the same ternary system with a certain concentra-

tion of P, C in the bulk of the solution. There is a massP
transfer of P from the bulk to the vicinity of the growing
crystals, where the concentration of P is C s . Here, P isP
eventually incorporated into the crystal lattice. The growth
number N , defined by Eq. 17, gives the relative rate ofGr
crystal growth with respect to the rate of mass transfer of the
solute to the liquid-crystal interface. For given mass-transfer
conditions, a higher growth number indicates a higher growth
rate for the crystals, and correspondingly, a C s closer to CU,P P
that is, a system closer to phase equilibrium. Figure 5 shows
the process paths of the system with increasing Da for dif-R
ferent growth numbers. The system lies closer to the solubil-
ity line 23 with increasing N . In other words, a lower NGr Gr
requires a higher driving force for crystal growth, thus mov-
ing the system away from the solubility line. All paths eventu-
ally end at point 2, which is the intersection of the solubility
line with the reaction equilibrium curve.

Effect of mass-transfer Damkohler number¨
We next consider the effect of the mass-transfer Damkohler¨

number Da on the process path. The P produced by theM
reaction is transferred to the liquid-crystal interface, and the
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Figure 5. Process paths for different growth numbers.

mass-transfer Damkohler number, defined by Eq. 15, gives¨
the ratio of the rates of these two consecutive steps. The lower
the Da , the faster is the mass-transfer relative to the reac-M
tion, and ®ice ®ersa. Thus, for a lower Da , the concentrationM
in the vicinity of the crystals C s is closer to the concentrationP
in the bulk C . For a given crystal growth number, a lowerP
Da implies a system closer to the solid]liquid phase equi-M
librium. Figure 6 shows the process paths of a system with an
inlet composition of 45% A and 55% B for different Da .M
As Da increases, the path ventures further and further awayM
from the solubility line before turning back to meet point 3.
Mass transfer then becomes the limiting step in the overall
process, leading to a buildup of supersaturation and excessive
nucleation. Note that Da is not constant along a given pathM
of increasing Da . This is because the crystal surface area aR T
changes as the crystallization proceeds.

Figure 6. Process paths for different mass-transfer
Damkohler numbers.¨

Effect of nucleation number
The nucleation term in the mass balance for the crystal-

lizer accounts for an insignificant portion of the total mass,
because of the small size of the nuclei. However, the nucle-
ation rate does significantly affect the system concentrations
and other properties through the supersaturation. For the
same ternary system, we now consider the effect of the nucle-
ation number N on the characteristics of the crystals pro-Nu
duced by the system. The nucleation number N , defined byNu
Eq. 16, gives the rate of nucleation relative to the rate at
which P is produced by the reaction. A higher N implies aNu
larger number of nuclei and thus a higher number density of
smaller crystals. For an MSMPR crystallizer, the weight frac-

Žtion distribution is an analytical expression given as Randolf
.and Larson, 1988

L3 exp y LrGtŽ .
w L s 20Ž . Ž .46 GtŽ .

Figure 7a shows the weight fraction distribution of the crys-
tals in the solution for three different values of N . For thisNu
simulation, k s10y2 m3rmol ? s, and K s6, the other pa-2
rameters being given by Table 3. For N s10y6, the domi-Nu
nant particle size corresponding to the maximum of the dis-
tribution occurs at 24 mm. The distribution is rather narrow,
indicating that none of the crystals have sufficient time to

Figure 7. Effect of the nucleation number on crystallizer
performance.
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Ž y12 .grow. For a lower nucleation number N s10 , the dis-Nu
tribution is wider with a dominant crystal size of 121 mm.
Figure 7b shows that the dominant particle size, as well as
the supersaturation in the system, decreases with an increase
in N . Considering crystal sizes below 25 mm as fines, weNu
can obtain the wt. % of fines in the system by integrating the
weight fraction distributions from size 0 to 25 mm. Figure 7b
shows that as N increases from 10y12 to 10y6, the per-Nu
centage of fines rises from about 0.4% to 38%. It is clear that
the nucleation rate should be controlled tightly to obtain good
sized crystals.

Example 3: condensed quaternary system with two
crystallizing solutes and a sol©ent

Many reactions take place in the presence of an inert sol-
vent. Also, it is possible for more than one solid to crystallize
in a reactive crystallization process. Consider a quaternary
system composed of reactant A which undergoes the follow-
ing reaction in an inert solvent S under isobaric and isother-
mal conditions

662 A P xqQx 21Ž .

Here, P and Q can precipitate out from the solution. Con-
sider the following solubility surfaces for P and Q

1 2
UC s C q C 22aŽ .P A S2 3

1 2
UC s C q C 22bŽ .Q A S4 3

The tetrahedral phase diagram and the Janecke projection
Ž .of the same was described earlier Figures 2b and 2c . The

MSMPR model for this system is set up as before. The sys-
tem is nondimensionalized by defining a reaction Damkohler¨

Žnumber Da , two mass-transfer Damkohler numbers Da¨R M, P
. Ž .and Da , two nucleation numbers N and N , andM,Q N u, P N u,Q

Ž .two crystal growth numbers N and N for P and Q.Gr, P G r ,Q
The meaning of all the dimensionless numbers remains the
same as before. The effect of the dimensionless numbers on
the process path for an increasing Da will be discussed be-R
low.

Effect of growth numbers
Consider the progress of a system with only A and S at the

inlet for increasing reaction Damkohler numbers. Figure 8¨
shows the Janecke projection of two such paths for different
values of growth numbers for P and Q. Since Q has the lesser

Ž X.solubility of the two, it crystallizes first points b and b .
Once the paths cross the double saturation trough, the sys-

Ž X.tem is saturated with P as well points c and c . For increas-
ing Da , the system approaches point 4X which is the inter-R
section of the double saturation trough with the reaction
equilibrium envelope. The growth rates for P and Q are
higher for the system following path abcd than for that fol-
lowing path aXbXcXdX. As explained in Example 2, the higher
the growth rates, the closer the system is to phase equilib-
rium. Thus, curve abc lies closer to the solubility line of Q

Figure 8. Effect of the crystal growth number on the
process paths for a two solute system.

than curve aXbXcX, and curve cd lies closer to the double satu-
ration trough than curve cXdX.

Effect of mass-transfer Damkohler numbers¨
Consider the same reaction as above yielding the two

solutes P and Q, but the system now has a symmetrical solu-
bility profile given by the equations

1 2
UC s C q C 23aŽ .P A S4 3

1 2
UC s C q C 23bŽ .Q A S4 3

Ž .Figure 9 shows the process paths for an increasing DaR
taken by the system for different mass-transfer Damkohler¨

Figure 9. Effect of the mass-transfer Damkohler num-¨
ber on process paths for a two solute system.
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numbers Da and Da . When Da s Da , the sys-M, P M ,Q M , P M ,Q
tem follows a path abc, just below the double saturation
trough. For Da ) Da , the mass transfer of Q is fasterM, P M ,Q
than that of P. Thus, more of Q gets incorporated into the
solid phase. But, since equal amounts of P and Q are being
produced by reaction, there is a buildup of P in the solution
and, hence, the process path lies in the left half of the Ja-
necke projection. Similarly, for Da ) Da , the systemM,Q M , P
compositions lie in the right half of the Janecke projection.
Again, the larger the Damkohler number, the more severe¨
the mass-transfer limitations are, and the farther the system
ventures from phase equilibrium.

Crystallization Design Incorporating Kinetic and
Mass-Transfer Effects

The utility of the present approach in the design of reac-
tive crystallization systems is now discussed with examples in-
volving single and coprecipitation systems, and a salting-out
crystallization system. The parameter values used in the fol-
lowing simulations are given in Table 3, unless otherwise
specified.

Example 4: controlling the CSD by manipulating inlet
composition

It was demonstrated in Example 1 that excessive supersat-
uration leads to an undesirable crystal-size distribution. How

far the system ventures into the supersaturated region de-
pends on the solubility limit and the crystallization kinetics of
the solute, but the system is also limited by the reaction equi-
librium envelope, which it cannot cross. We can take advan-
tage of this fact to control the supersaturation in a system,
and thus tailor the crystal-size distribution to our needs. Fig-
ure 10a shows the phase diagram of the same ternary react-
ing system as described in Example 2, but with a nonsymmet-

Ž .rical solubility profile line 2B as given by the equation

2
UC s C where a s0.6, and a s1.0 24Ž .Ž .P A A B3

With an increasing amount of A relative to B, the solubility
Žline comes closer and closer to the equilibrium curve curve

.A1B . Thus, the maximum supersaturation which can be
achieved in the system is lesser for a system with more A
than B. The curve abcd shows the process path for increas-
ing Da for a system with an inlet composition of 57% AR
and 43% B. The maximum supersaturation developed is rep-
resented by b-c. The curve aXbXcXdX is the process path for a
system with an inlet composition of 43% A and 57% B. Since
the solubility line lies far below the reaction equilibrium
curve, the maximum supersaturation developed here, bX-cX, is
higher than in the earlier case. Figure 10b shows the crystal
number density distribution for the two cases. The higher su-
persaturation in the latter system leads to a larger nucleation
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rate. This is evident from the fact that n , the populationo
density of nuclei, which also characterizes the nucleation rate,
is much higher for the latter system. Figure 10c shows the
weight fraction distributions for the crystals produced by the
two systems. For the system with the lower supersaturation,
the distribution is broader, with a dominant particle size of
451 mm. For the system with the higher supersaturation, the
dominant particle size is only 210 mm. This demonstrates that
the crystal-size distribution can be adjusted by making a wise
choice of the inlet concentrations.

Example 5: eliminating mass-transfer limitations in
salting-out reacti©e crystallization

In some reactive crystallization processes, one of the reac-
tants could be a solid which serves as a salting-out agent. The
rate of dissolution of the solids should be sufficiently fast so
that no undissolved salting-out agent particles can leave the
crystallizer. The rate of solid dissolution depends on several
factors, namely: rate of reaction, the solid-liquid mass-trans-
fer coefficient, salting-out agent solubility, and the average
size of the particles being charged. Depending on the values
of the above variables, the dissolution rate could be slow
enough that the crystallization process is limited by the disso-
lution. A design criterion is presented to identify presence of
dissolution limitations, and to choose the value of design
variables such as the size of the solid particles being charged.

Consider a reaction taking place between A in solution
and the dissolved salting-out agent B to form the sparingly

Ž .soluble product P in an MSMPR crystallizer Eq. 3 . Assume
that the particles being charged are all of the same size. Also,
since the solids are in a perfectly mixed state, all particles in
the crystallizer are of the same size. Figure 11 plots the per-
centage of undissolved solid as a function of the dissolution

Ž .number Eq. 14 for a case as shown in the inset. We would
like to operate at a low Da so that no undissolved solidD
particles leave the crystallizer. However, due to the assump-
tion of perfect mixing in the crystallizer model, this criterion

Žwill lead to an infinitely large crystallizer Rajagopal et al.,
.1988 . Hence, for preliminary design purposes, we propose a

criterion that the size of solid particles in the crystallizer be
maintained below a certain value, say rrr -0.1. It is as-0

Figure 11. Percentage of undissolved solids as a func-
tion of the dissolution number.

Figure 12. Chart for identifying presence of dissolution
limitations during crystallization involving a
solid reactant.

sumed that provided rrr is sufficiently low, the deviation0
from a perfectly mixed flow pattern in an actual crystallizer
will allow complete dissolution of all solids.

Recall that the higher the dissolution number, the slower is
the rate of dissolution relative to the reaction rate. The disso-
lution rate is also proportional to the salting-out agent solu-
bility, and, hence, the appropriate parameter to assess the
presence of dissolution limitations is Da rCU. For the aboveD B
reacting system with stoichiometric amounts of solids charged,
Figure 12 shows a plot of rrr as a function of Da rCU, with0 D B
the solid solubility CU as a parameter. The shaded region forB
rrr -0.1 indicates the region in which all solid particles are0
completely dissolved in a real crystallizer. The dashed lines
are lines of constant k rr , and the solid ones are lines ofs 0
constant CU. Along a line of constant CU, the dissolutionB B
limitations increase with increasing Da rCU, or decreasingD B
k rr . The lines of constant solubility and constant k rr forms 0 s 0
a grid, which spans the entire range of rrr , from 0 to 1.0

Two design situations for which the above plot can be used
are identified. One is when we wish to identify whether disso-
lution limitations exist in an existing crystallizer, and the sec-
ond is when we want to design a new crystallizer so that dis-
solution does not limit the overall process. For an existing
crystallization system, knowing CU, the solid]liquid mass-B
transfer coefficient k , and the radius r , one can immedi-s 0
ately obtain the value of rrr . If rrr )0.1, then dissolution is0 0
probably limiting the overall process. Similarly, to design a
crystallization system so as to not have dissolution limita-
tions, one can proceed as follows. Knowing the solid solubil-
ity CU, we can identify the range of k rr , for which rrr -0.1.B s 0 0
This is the target region in which we want to operate. For
example, for CU s100 molrm3, we should operate in the re-B
gion k rr )4. Knowing the type of crystallizer, or by somes 0
minimal experimentation, k can be determined. Thus, as
choice of the particle size r can be made such that dissolu-0
tion limitations do not exist.

Example 6: selecti©e nucleation by seeding
Secondary nucleation involves the generation of new nuclei

due to the presence of the solid phase of the crystallizing
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solute itself. This is often achieved by seeding the crystallizer
Žwith microcrystals of the solute to be crystallized Rousseau

.and O’Dell, 1980 . The seed crystals can participate in the
Ž .nucleation in several ways Nyvlt et al., 1985 . For example,

tiny crystallites detached from the seed crystals may act as
Ž .crystallization centers apparent secondary nucleation , new

nuclei may be formed as a result of crystal-solution interac-
Ž .tion true secondary nucleation , or crystal-crystal, crystal-

impeller, and crystal-wall collisions may give rise to new nu-
Ž .clei contact nucleation . If the rate of nucleation is modeled

using an effective nucleation rate constant which incorpo-
rates all the mechanisms for primary as well as secondary
nucleation, a nucleation number similar to the one defined

Ž .earlier Eq. 16 can be defined. A seeded crystallizer will lead
to a higher nucleation number, and, hence, a higher nucle-
ation rate, even at lower supersaturations. Altering the nucle-
ation number by a method such as seeding may be especially
useful in situations where coprecipitation occurs. The solute
which has a higher nucleation number will crystallize in larger
amounts, as discussed in the following example.

Consider the reaction 2 Al P xqQx where A is the only
solvent. Figure 13 shows the phase diagram of this ternary
system. Lines 3Q and 1P represent the solubilities of P and
Q in the system, respectively, and are given by the following
equations

2
UC s C 25aŽ .P A7

3
UC s C 25bŽ .Q A17

Consider that P is the desired product. From the phase dia-
gram, it is clear that the solubility behavior is contrary to the
desired objective of selectively crystallizing P. This may be
overcome by seeding the crystallizer with crystals of P, and
thus increasing the nucleation number of P to be much larger

Figure 13. Process path for a two solute system with
widely varying nucleation numbers.

Table 4. Crystallizer Performance for a
Coprecipitating System Involving Selective Nucleation

by Seeding

P Q
y5 y12N 10 10N u

3 8 4Ž .J no.rm s 0.29=10 0.3=10n
U 3Ž .CyC molrm 1.43 36.17
2 3 5Ž .a m rm 0.11=10 0.43T

Ž .M kgrh 0.2 0C

than that of Q. Starting with pure A, path abcd tracks the
solution composition for an increasing Da . At point b, theR
system becomes saturated in Q. However, due to the low nu-
cleation number of Q, it remains in solution. At point c, the
system becomes saturated in P as well. The high nucleation
number of P allows crystallization to occur at very low super-
saturations. The solution composition moves along path cd,
while Q, though in excess of its saturation value, remains in
solution. Table 4 shows the results of the above process for a
Da of 1,200 s, which corresponds to point d. The nucleationR
rate of P is four orders of magnitude higher than that of Q.
The values of M , the crystal production rate, and ac T
Ž 2 3.m rm , the crystal surface area per unit suspension volume,
indicate that while P has crystallized considerably, Q has just
begun to nucleate. Increasing the Da will result in increas-R
ing crystallization of Q. Thus, selective crystallization of a
solute is possible by suitably altering the nucleation numbers.
Note that an analysis at phase equilibrium conditions would
have predicted a crystallization of the undesirable product Q
at point b with the solution composition moving along path
b2.

Conclusions
Recently, a number of equilibrium-based methods have

Žbeen developed for crystallization system synthesis Cisternas
and Rudd, 1993; Dye and Ng, 1995; Berry and Ng, 1997; Cis-

.ternas and Swaney, 1998 . Based on the solid-liquid phase
behavior which is often presented with phase diagrams,
process configurations involving crystallizers, dissolvers, fil-
ters, and so on are generated for separating a multicompo-
nent mixture. In this article, reaction kinetics, crystallization
kinetics, and mass-transfer effects are incorporated into the
equilibrium-based approach.

This is critical because kinetics and mass-transfer effects
determine the actual process paths as crystallization occurs.
Based on the equilibrium analysis, a process path is given
only by the interaction between the solubility and reaction
equilibrium surfaces. In reality, the process path ventures
deep beneath the solubility surface to create the necessary
supersaturation for crystal nucleation and growth. Coupling
the reaction and mass-transfer effects with the solubility and
reaction equilibrium surfaces provides insights for process
improvements. For example, by suitably altering the nucle-
ation number in a coprecipitating system, we can selectively
crystallize the desired solute, even though the equilibrium
analysis indicates otherwise due to an unfavorable solubility

Ž .behavior Example 6 .
A generic model is developed to treat the simultaneous

processes of dissolution, reaction, mass transfer, nucleation
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and growth occurring during reactive crystallization. The
mass-transfer Damkohler number, nucleation number, and¨
growth number determine how far the process path strays
from the solubility surface. In addition, the dimensionless
numbers compare the relative rates of the individual steps
and provide insights for the resultant crystal size and crystal-
lizer productivity.

The current approach can be extended in several ways. The
crystallizer model is sufficiently generic and more details can
be added such as the inclusion of gas-liquid reaction and the
corresponding mass-transfer step. Effects like Ostwald ripen-
ing and agglomeration can be included in the crystal growth
models. In that case, population balance equations will be
incorporated explicitly into the model so as to track the parti-
cle-size distribution.
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Notation
a ssurface area of dissolving solid reactant per unit suspen-S

sion volume, m2rm3

a ssurface area of growing crytals per unit suspension volume,T
m2rm3

C sconcentration of species i in the liquid bulk, molrm3
i

Fs volumetric flow rate, m3rs
Ž .gsorder of the crystal growth process Eq. 12

k , k s first- and second-order reaction rate constants1 2
Ž . Ž . Ž 3. gk scrystal growth rate constant Eq. 12 , mrs r molrmg

Ž . w 3 Ž 3.n xk snucleation rate constant Eq. 11 , no.r m s molrmn
k ssolid-liquid mass-transfer coefficient, mrss
k s volumetric shape factor®
Ksreaction equilibrium constant

L ssize of nuclei, mm0
Ž .nsorder of nucleation rate Eq. 11

Ž . 4n L spopulation density distribution of crystals, no.rm
rsmean radius of reactant solid particles in the crystallizer,

m
Vssuspension volume, m3

Ž . y1w L s weight fraction distribution of crystals, m
Wsmolar rate of addition of solid reactant, molrs

Greek letters
DCssupersaturation, molrm3

Fsmolar reaction rate, molrs
r smolar density of crystals, molrm3

m
tsresidence time of liquid in the crystallizer, s

Subscripts and superscripts
)sat saturation conditions
ispertaining to species i

Ž .f , 0spertaining to inlet feed conditions
sspertaining to the liquid-crystal interface
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